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The spacetime around Earth is a good environment in order to perform tests of gravitational theories. According to Einstein’s view
of gravitational phenomena, the Earth mass-energy content curves the surrounding spacetime in a peculiar way. This (relatively)
quiet dynamical environment enables a good reconstruction of geodetic satellites (test masses) orbit, provided that high-quality
tracking data are available. This is the case of the LAGEOS satellites, built and launched mainly for geodetic and geodynamical
purposes, but equally good for fundamental physics studies. A review of these studies is presented, focusing on data, models, and
analysis strategies. Some recent and less recent results are presented. All of them indicate general relativity theory as a very good
description of gravitational phenomena, at least in the studied environment.
1. Introduction
Thegeneral theory of relativity byAlbert Einstein is nowadays
themost precise description of the gravitational dynamics we
have at our disposal. Notwithstanding its precise accounting
of gravitational interaction as the effect of curved spacetime
on the dynamics of matter and the other fundamental
fields, it is challenged by several theoretical ideas, mainly
related to the search for a quantum theory of gravitation
and to the unification of gravitation itself with the other
known fundamental interactions of nature. These issues
are ultimately related to the question mark on the small-
scale structure of spacetime and to the appearance in the
theory of singularities. At the astrophysical and cosmological
levels, several unresolved problems may imply a revision of
our knowledge of gravitational phenomena. All these issues
reflect themselves also on the smaller scale of Solar System,
in particular the near-Earth environment, where—thanks to
space exploration andmore andmore advanced experimental
techniques—many experimental setups can be conceived and
put in place.
Among the ways to test gravitational dynamics one of the
simplest is to follow (track) the motion of an object orbiting
in the gravitational field produced by another, bigger one (the
primary). The orbiting object should be as close as possible
to a point mass, in order not to perturb in a significant way
the gravitational field of the primary; it should be what is
called a test mass. A suitable modellization (analytical or
numerical) of this system gives a prediction for the resulting
orbit which can be compared with experimental tracking
data. Such a scheme is rather general and could be applied
to a variety of experimental situations. We describe here a
particular such situation, given by the availability around
the Earth of objects (satellites) specifically designed to be as
much as possible close to the ideal concept of a test mass:
the LAGEOS satellites [1]. These, as well as similar ones,
have been designed, built and launched for geodetic and
geodynamic purposes. In 2012 the LARES satellite has been
launched and placed in orbit around Earth. The data from
this new laser-ranged satellite, together with those of the
LAGEOS, are expected to open the way to still more accurate
tests of general relativity; See, for example, [2]. The study of
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their orbital motion, indeed, helps to characterize the fine
details of the Earth gravitational field (and therefore of its
structure and composition) and to establish and maintain
a global reference frame with applications that range from
astronomy to navigation (see, e.g., [3, 4]).
The LAGEOS are target for laser pulses sent from
ground stations, used to calculate their instantaneous dis-
tance (range); the outstanding precision of this tracking
technique, named satellite laser ranging (SLR), allows a
precise determination of their orbits. This can be done with
dedicated procedures and a finemodelling of their dynamics.
Along the years, the availability to the scientific community
of the ranging data allowed a variety of studies. Many of
them, as said above, are related to geodesy and geophysics.
At the same time, however, it is possible to exploit the same
data to perform fundamental physics tests, by comparing the
(measured and reconstructed) orbit with the ones predicted
by several, competing, gravitational theories.This very simple
objective requires a number of steps to be performed, which
will be described in the following. It has to be stressed that,
in this quest, to better data better models must follow. This
is especially true since the sought for signals often lie several
orders of magnitude below the “competitive” signals.
2. Gravitational Physics Opportunities
As mentioned above, along the years the LAGEOS satellites
turned out to be very good targets to be tracked. They
materialize very finely (though not exactly) the ideal concept
of a test mass, which has to satisfy the following requirements
[5]:
(i) no electric charge,
(ii) gravitational binding energy negligiblewith respect to
rest mass-energy,
(iii) angular momentum negligible,
(iv) sufficiently small to neglect tidal effects.
An ideal test mass follows a purely gravitational orbit (a
geodesic in metric theories) and is therefore an appropriate
tool to study gravitational phenomena.
2.1. Relativistic Effects on Test Masses around Earth. General
relativity, in its weak-field and slow-motion limit, provides an
effective description of the gravitational phenomena around
Earth. The weak-field condition considers the spacetime
curvature so small that the metric can be written as 𝑔𝜇] =
𝜂𝜇] + ℎ𝜇] (Minkowski metric plus a “small” perturbation).
The slow-motion condition requires V ≪ 𝑐. Given the relative
smallness of the masses at play, as well as that of their speed
when compared with that of light, this approximation of
the theory is sufficient for the purpose. A formulation of
the relevant equations of motion in a geocentric noninertial
reference system (nonrotating with respect to the barycentric
one) is given in [6], from which we quote the relevant
terms. The analyses described here are consistent with this
formulation.
A test mass orbiting around Earth is subjected in its
motion to three main relativistic effects. The biggest contri-
bution comes from the gravitoelectric curvature of spacetime
induced by the Earth mass-energy:
𝑎Schw =
𝐺𝑚E
𝑐2𝑟3
[(
4𝐺𝑚E
𝑟
− V2) 𝑟 + 4 (V ⋅ 𝑟) V] . (1)
This is called Einstein or Schwarzschild precession [7]. The
satellite, in its motion around Earth, follows its revolution
in the spacetime curved by the Sun mass-energy; this (via
parallel transport of the normal to the satellite orbit) induces
the de Sitter or geodetic precession [8]:
𝑎dS = 2Ω × V Ω ≈ −
3
2
(𝑉E − 𝑉S) ×
𝐺𝑀S𝑋ES
𝑐2𝑅
3
ES
. (2)
In general relativity, unlike Newtonian physics, mass-energy
currents also cause effects, named gravitomagnetic (see [5]).
In particular, Earth intrinsic angular momentum curves
spacetime and induces a further effect on the satellite orbit,
called Lense-Thirring effect [9, 10] (also termed dragging of
inertial frames in a more general setting):
𝑎LT =
2𝐺𝑚E
𝑐2𝑟3
[
3
𝑟2
(𝑟 × V) (𝑟 ⋅ 𝐽) + V × 𝐽] . (3)
In the previous expressions, 𝑐 is the speed of light, 𝐺 the
Newtonian gravitational constant, 𝑚E and 𝐽 are Earth mass
and angular momentum, 𝑟 and V are the test mass position
and velocity in the geocentric frame,𝑀S is the Sun mass, 𝑉E
and𝑉S are the Earth and Sun geocentric positions, and𝑋ES is
the geocentric Earth-Sun vector, with distance 𝑅ES.
Using the methods of celestial mechanics (in particular
first-order perturbation theory), the secular effects of rela-
tivistic corrections in the satellite Keplerian elements can be
evaluated (see, e.g., [11]). In first-order perturbation theory,
two kinds of behavior for a given element can arise. The
first is a term ∝ sin 𝑡 or cos 𝑡; this is called periodic. The
second is a term∝ 𝑡 (or higher powers); this is called secular,
since it tends to accumulate over time. It turns out that the
Schwarzschild term is mainly effective on the argument of
perigee
?̇?Schw =
3(𝐺𝑀⊕)
3/2
𝑐2𝑎5/2 (1 − 𝑒2)
, (4)
the de Sitter one on the longitude of the ascending node
Ω̇dS = |Ω| cos 𝜀 (5)
(with 𝜀 obliquity of the ecliptic) and the Lense-Thirring one
on both node
Ω̇LT =
2𝐺𝐽⊕
𝑐2𝑎3(1 − 𝑒2)
3/2 (6)
and perigee
?̇?LT =
−6𝐺𝐽⊕
𝑐2𝑎3(1 − 𝑒2)
3/2
cos 𝐼. (7)
Numerical values can be found in Table 1.
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Table 1: Rate (mas/yr) and orbital shift (over 14 days) of the different types of secular relativistic precession on LAGEOS and LAGEOS II
longitude of ascending node and argument of pericenter, and their sum (1mas/yr = 1 milli—arc—second per year).
Precession Rate (mas/yr) Shift (m)
LAGEOS
Δ?̇?
Schw 3278.77 7.49
ΔΩ̇
LT 30.88 7.46 × 10−2
Δ?̇?
LT 32.00 7.31 × 10−2
LAGEOS II
Δ?̇?
Schw 3351.95 7.60
ΔΩ̇
LT 31.48 7.14 × 10−2
Δ?̇?
LT
−57.00 −1.29 × 10−1
Are the expected values compatible with the uncertainty
associated with tracking data? An estimate of the orbital shift
due to each effect can be obtained for nearly circular orbits by
Δ𝑥|14𝑑 ≃ 𝑎Δ𝛼|14𝑑; here 𝑎 is the semimajor axis of the orbit and
Δ𝛼 is the precession (on node or perigee) integrated over the
14-day estimation period.The values can be seen in the fourth
column of Table 1: given a typical SLRNormal Point precision
of ≃1mm, we can notice that the Schwarzschild signal is well
above the noise, while the gravitomagnetic one is barely above
it.
Another important issue is testing for the inverse-square
law behaviour of gravitation. On one side, this is useful to
better characterize gravitation itself, especially in the short
and intermediate range. On another side, possible violations
of this behaviour could be related to new interactions between
bodies acting at macroscopic distances (new long range
interaction (NLRI)). In addition, theseNLRIsmay be thought
of as the residual of a cosmological primordial scalar field
related to the inflationary stage (dilaton scenario) [12].
Usually this supplementary interaction is modelled via
a Yukawa-type potential added to the Newtonian one, such
that, between two bodies of masses 𝑚1 and 𝑚2, respectively,
at distance 𝑟 apart
𝑉 = −𝛼𝐺∞
𝑚1𝑚2
𝑟
𝑒
−𝑟/𝜆
. (8)
Here the Yukawa-type part has a characteristic range 𝜆
beyond which it becomes negligible, and a relative strength
𝛼 with respect to the Newtonian part 𝐺∞ is the Newtonian
constant of gravitation in the limit 𝑟 → ∞. The suggestion
in the eighties of a possible “fifth force” [13] boosted further
research on this (see also [14, 15] for reviews and [16] for
recent results).
An adequate observable in order to test for such non-
Newtonian behaviour is the pericenter of a binary system. A
perturbative analysis of pericenter shift has been performed
in [17]. The effect is maximum at a scale comparable with
the system semimajor axis; therefore, in the Earth LAGEOS
II case, the experiment would be sensitive mainly to an
interaction with 𝜆 ≃ 𝑎 (𝑎 being the semimajor axis of
LAGEOS II orbit). The maximum secular effect is given by
⟨Δ?̇?
Yuk
⟩
2𝜋
≃ 8.29 ⋅ 10
11
𝛼 (mas/yr) (9)
and it corresponds to the peak value at a range 𝜆 = 6082 km,
very close to 1 Earth radius.
2.2. Measurement Concept. Among the various techniques
used to track satellites, SLR is one of the most precise [18]. It
uses the propagation of a collimated laser pulse to measure
the instantaneous distance between a station on Earth and
a satellite. At the ground station a definite laser pulse is
generated and—through a telescope—is sent towards the
satellite, where it is reflected back in the same direction by
optical elements called cube corner retroreflectors (CCR); it
then comes back to the same station, and it is focused by
the telescope and detected by a proper sensing device. By
precisely measuring the start and stop times of the pulses, it
is then possible to recover the instantaneous station-satellite
distance (range):
Δ𝑠 =
𝑐Δ𝑡
2
. (10)
This is of course the basic concept of the measurement. In
practice, things are made more complex from having to take
into account various phenomena, from the propagation of the
pulse in the atmosphere to instrumental biases due to (among
other things) laser stability, detector, and timing device. A
hint into the complexities of each single measurement can
be found in [19]. Laser range observations from the various
stations on the globe are collected by the International Laser
Ranging Service (ILRS) [18] and are publicly available.
Presently, the two (almost twin) LAGEOS satellites
are among the best tracked ones through SLR. LAGEOS,
launched by NASA (1976), and LAGEOS II, launched by
NASA/ASI (1992), have been designed spherical in shape,
with high density and small area-to-mass ratio in order to
minimize the effects of the nongravitational perturbations
[20]. Their radius is just 30 cm and their mass about 407 kg.
Their aluminum surface is covered with 426 CCRs. LAGEOS
has an almost circular orbit, with an eccentricity 𝑒I ≃ 0.004,
a semimajor axis 𝑎I ≃ 12270 km and an inclination over the
Earth’s equator 𝑖I ≃ 109.8
∘. The LAGEOS II corresponding
elements are: 𝑒II ≃ 0.014, 𝑎II ≃ 12162 km and 𝑖II ≃ 52.66
∘.
Their aluminum surface is covered with 426 CCRs.
In the analyses described here, a multiarc technique has
been employed [21]. The time period considered in the data
analysis has been divided into shorter periods, called arcs.
For each arc, the tracking data are reduced, resulting in
an estimate of the state vector (position and velocity) at
the beginning of the arc and of selected parameters for the
dynamics. A very precise orbit is therefore obtained for each
arc, which can be expressed in terms of Keplerian elements.
The arcs have a 1-day overlap, calculating the difference in
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Table 2: Magnitude of the main disturbing effects on the LAGEOS II spacecraft (adapted from [20]).
Effect Estimate Magnitude (ms−2)
Earth’s monopole
𝐺𝑀
⊕
𝑟2
2.69
Earth’s oblateness 3
𝐺𝑀
⊕
𝑟2
(
𝑅
⊕
𝑟
)
2
𝐶
20
−1.1 × 10
−3
Low-order geopotential harmonics 3
𝐺𝑀
⊕
𝑟2
(
𝑅
⊕
𝑟
)
2
𝐶
22
5.4 × 10
−6
High-order geopotential harmonics 19
𝐺𝑀
⊕
𝑟2
(
𝑅
⊕
𝑟
)
18
𝐶
18,18
1.4 × 10
−12
Moon perturbation 2
𝐺𝑀P
𝑡
3
P
𝑟 2.2 × 10
−12
Sun perturbation 2
𝐺𝑀
⨀
𝑟
3
⨀
𝑟 9.6 × 10
−13
General relativistic correction
𝐺𝑀
⊕
𝑟2
𝐺𝑀
⊕
𝑐2
1
𝑟
9.8 × 10
−10
Atmospheric drag 1
2
𝐶
𝐷
𝐴
𝑀
𝜌𝑉
2
3.4 × 10
−12
Solar radiation pressure 𝐶
𝑅
𝐴
𝑀
Φ
⨀
𝑐
3.2 × 10
−9
Albedo radiation pressure 𝐶
𝑅
𝐴
𝑀
Φ
⨀
𝑐
𝐴
⊕
(
𝑅
⊕
𝑟
)
2
3.5 × 10
−10
Thermal emission 4
9
𝐴
𝑀
Φ
⨀
𝑐
𝛼
Δ𝑇
𝑇
0
2.8 × 10
−11
Dynamic solid tide 3𝑘
2
𝐺𝑀P
𝑟P
(
𝑅
⊕
𝑟P
)
2
𝑅
3
⊕
𝑟4
3.7 × 10
−6
Dynamic ocean tide ∼0.1 of the dynamic solid tide 3.7 × 10−7
elements at the middle of this overlap provides time series of
residuals which contain information on the part of dynamics
which has not been modelled (or has been mismodelled).
The fundamental observable being the range, strictly also the
residuals, in theirmeaning of “observedminus computed”, are
range.The elements difference method used in these analyses
retains the concept for the various Keplerian elements, as
shown in [22].The analysis of the residuals time series allows
recovering a posteriori the signature of effects which have not
been modelled, as it was purposely done for the relativistic
part.
2.3. Analysis Strategy. The tracking data contain the informa-
tion associated with the satellite dynamics, as well as with the
measurement procedure and the observational “constraints”
(i.e., station positions, reference frames). This information
has to be extracted in someway from the data.The problem is
not trivial, considering the relative magnitudes of the effects
involved (see Table 2). A direct comparison between the
Normal Point precision and the average size of orbit shift
due to the relativistic effects shows that these effects could
be recovered once the satellite dynamics has been properly
modelled (for a description of the models employed see
Section 3). The recovery of the information could be done
with the least-squares procedure, in which data are fit to a
model by a proper estimation of a set of selected parameters.
For the analyses the NASA/GSFC software GEODYN II
[23, 24] has been used. This software is dedicated to satellite
orbit determination and prediction, geodetic parameters
estimation, tracking instruments calibration, andmany other
applications in the field of space geodesy. The software
numerically integrates the equations of motion of the satellite
using the Cowell’s method (a predictor-corrector one, with
a fixed time step). The equations of motion for the satellite
are integrated in an inertial reference frame, which for
GEODYN is the mean equinox and equator of J2000. The
orbit determination employs the least-squares solution of the
range residuals:
𝑂𝑖 −𝑀𝑖 = −∑
𝑗
𝜕𝑀𝑖
𝜕𝑃𝑗
𝑑𝑃𝑗 + 𝑑𝑂𝑖, (11)
where 𝑂𝑖 are the range observations,𝑀𝑖 are their modelled
values, 𝑑𝑃𝑗 are the corrections to the vector P of parameters
to be estimated, and 𝑑𝑂𝑖 are the errors associated with each
observation. Concerning these errors, the 𝑑𝑂𝑖 account for
both the contribution from the noise in the observations, as
well as for the incompleteness of the mathematical model
included in the orbit determination software. The least-
squares algorithm seeks to minimize the residuals 𝑂𝑖 − 𝑀𝑖
by adjusting at the same time the state vector at the epoch of
arc and the parameters selected for estimation.
A basic choice of the analysis has been to use the
residuals in order to recover the relativistic effects. By
construction, they provide a measure of the discrepancy
between experimental data and models; by purposely not
including relativity into the modelling set, the residuals time
series is expected to contain signatures of relativity itself.
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Table 3: Modelling setup as included in a typical analysis of LAGEOS satellites range data.
Model for Model type Reference
Geopotential (static) EIGEN-GRACE02S, EGM96 [73, 74]
Geopotential (time-varying, tides) Ray GOT99.2 [75]
Geopotential (time-varying, nontidal) IERS Conventions (2003) [41]
Third body JPL DE-403 [52]
Relativistic correctionsa Parameterized post-Newtonian [6]
Direct solar radiation pressure Cannonball [23]
Earth albedo Knocke-Rubincam [76]
Station positions ITRF 2000 [77, 78]
Ocean loading Schernek and GOT99.2 tides [23, 75]
Earth Rotation Parameters IERS EOP C04 [79]
aIn fact, as explained in the text, these corrections have not been included in the modellization setup used in the analysis.
The basic observable being distance, the residuals are strictly
speaking on station-satellite distances. Being interested in
effects related to individuals orbital elements, the method
outlined in [22] has been employed in order to obtain derived
residual time series for the various elements. This is the
method that has been employed in the relativistic precessions
measurements performed so far [25–33].
The strategy employed here could be considered as
“minimal” or “conservative” in the following sense. The
precise modelling of the orbits requires complex models,
which depend on thousands of parameters (see Section 3).
We underline that, while in general geodetic and geophys-
ical problems often the majority of model parameters are
estimated, in the analyses only few of them were estimated,
namely, those most directly related to the particular orbit of
the satellites; the other parameters were selected as consider
parameters, that is, ones which are already known with
sufficient accuracy from other sources.
This approach considerably simplifies the mathematical
structure of the problem being solved, moreover, strongly
lowering the chance of estimation biases. In particular, the so-
called empirical accelerations have not been included in the
set of models fitting the SLR data.These can bias the estimate
procedure and corrupt, in particular, the argument of perigee
residuals [34].
2.4. LAGEOS Range Data Sets. The basic products of SLR
observations are the Fullrate ranges. In the 1980s, a more
compact format has been introduced, called Normal Point
(NP), which is the one commonly used. A NP is basically
an “average” of the Fullrate observations over a defined time
period (bin); for the LAGEOS the bin size amounts to 120 s.
In the formation of NP for bin 𝑖, the observation 𝑂𝑖 nearest
to the midpoint of the bin is located, and a fit residual FR𝑖 (a
residual fromwhich systematic trends in the predictions have
been removed) is calculated. The NP is then calculated as
NP𝑖 = 𝑂𝑖 − FR𝑖 + FR𝑖, (12)
where FR𝑖 denotes the mean value of FR𝑖. The NP so
calculated is characterized by the fact that its random error
is reduced to that of the mean of the bin. More details can be
found in [35].
The precision of the measurements is mainly related with
the pulse width, which is usually ≈ 1 × 10−10 s down to 3 ×
10
−11 s for the best laser ranging stations. In the case of the
two LAGEOS satellites, the NPs are characterized by a RMS
down to a few mm, that corresponds to an accuracy in the
orbit reconstruction at a few cm levels, when using the best
dynamical models.
3. Models
The procedures for determining the satellite orbit at a level
comparable with the quality of tracking data require models
not only for satellite dynamics but also for measurement
procedure and reference frame transformations.The dynam-
ics of LAGEOS satellites, seen at the level enabled by the
accuracy of SLR data, is rather complex. Several gravitational
and nongravitational effects are at work; estimates of their
magnitude are provided in Table 2 (see [20, 36]).
Themodels included inGEODYNare devoted to describe
not only the satellite dynamics, but also the measurement
procedure and the reference frame transformations. These
models include (i) the geopotential (both in its static and
dynamic part), (ii) lunisolar and planetary perturbations,
(iii) solar radiation pressure and Earth’s albedo, (iv) Rubin-
cam and Yarkovsky-Schach effects (which need the satellite
spin-axis orientation in order to be modelled), (v) drag
effects, (vi) SLR stations coordinates, (vii) ocean loading,
(viii) Earth Orientation Parameters and (ix) measurement
procedure. Usually, the models implemented in the code also
include the general relativistic corrections in the so-called
parameterized post-Newtonian (PPN) formalism [37–40]. In
the analyses performed in order to solve for the relativistic
secular precessions, such correctionswere not included in the
setup.
The particular models used for the analyses described
here are listed in Table 3. For the relevant part, the Con-
ventions established by the International Earth Rotation
and Reference Systems Service (IERS), which constitute
the general framework for reference systems related issues
and measurement models, have been followed as much as
possible. The reference version has been IERS Conventions
(2003) [41].
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3.1. Gravitational Perturbations. The deviations of the Earth’s
gravitational field from the point mass one, due to the
inhomogeneous mass density distribution inside the Earth,
are by far the most important source of perturbations in
the orbits of LAGEOS satellites. It is customary in geodesy
and geophysics to represent the gravitational potential by
expanding it in spherical harmonics (real basis):
𝑈(r) =
𝐺𝑀⊕
𝑟
×[1+
∞
∑
𝑙=1
(
𝑅⊕
𝑟
)
𝑙 𝑙
∑
𝑚=0
𝑃𝑙𝑚 (sin 𝜃) (𝐶𝑙𝑚 cos (𝑚𝜙)+𝑆𝑙𝑚 sin (𝑚𝜙))] .
(13)
See, for example, [36, 42, 43]. Here 𝑟, 𝜃, and 𝜙 represent
the polar coordinates of the point at which the potential
𝑈 is evaluated, 𝑃𝑙𝑚 are the normalized associated Legendre
functions, 𝑀⊕ is the Earth mass, and 𝑅⊕ is the Earth
mean equatorial radius. The normalized coefficients 𝐶𝑙𝑚
and 𝑆𝑙𝑚, with 𝑙 called degree and 𝑚 order, are function of
the mass density distribution, and completely characterize
the gravitational potential outside the distribution itself. In
practice, the series is truncated at some finite 𝑙max: the model
is then sensitive to inhomogeneities at the scale of 𝜋𝑅⊕/𝑙max.
The lower degree harmonics are related to the choice of the
reference frame in which the potential itself is expressed. Of
paramount importance are the so-called zonal harmonics,
that is, the ones with 𝑚 = 0: they represent the part of the
potential with rotational symmetry and play an important
role in the error budget of themeasurements. Some caremust
be put in dealing with the permanent tide. In GEODYN, a
“tide-free” geopotential ismodelled, that is, one inwhich both
the permanent part and the related deformation of the Moon
and Sun tidal perturbations have been removed.The𝐶2,1 and
𝑆2,1 coefficients describe the position of the Earth’s figure axis.
The Earth gravitational field, also seen in an “Earth fixed”
frame, is not static: it varies in time due to a series of phenom-
ena, from tides to mass transport in the Earth/atmosphere
system at various scales. The tidal deformations of the
Earth—both solid and ocean—and of its atmosphere are
of primary interest for our measurement because of their
combined periodic variations in the gravitational attraction
of the planet on the satellite [44–49]. In particular, solid tides
account for about 90% of the total response to the Moon and
Sun tidal disturbing potential.
A convenient way to describe these deformations is
through the so-called Love numbers (𝑘𝑓
2,𝑚
≃ 0.30, where 𝑓
represents the frequency of the tidal wave), which measure
the ratio between the response of the real Earth and the the-
oretical response of a perfect fluid sphere and are determined
with very high accuracy because of their long-term effects on
geodetic satellites, as in the case of the two LAGEOS [50, 51].
In particular, in the case of solid tides, the degree 𝑙 = 2 terms,
that is, those due to the quadrupole tidal potential, are the
most important to be considered. Ocean tides are difficult
to model because of the greater complexity of the involved
phenomena. Indeed, even if ocean tides account for ≈10%
only of the total response to the external potentials, their
uncertainties are a factor of 10 larger than those of solid tides.
The effect of third-body perturbations has been mod-
elled as well, using the well-established JPL Solar System
ephemerides, DE-403 [52]. As discussed in Section 2.1, the
relativistic corrections are consistent with the formulation
of [6]. In line with the chosen strategy of recovering the
relativistic effects a posteriori in the residuals time series, in
fact these corrections have been not included in the setup.
3.2. Nongravitational Perturbations. An important part of the
satellites dynamics is represented by the effects caused by
nongravitational forces. These, of various origin, are caused
by the interaction of the satellite body with the near-Earth
radiation and particle environment. Such forces are typically
surface ones and depend in a complex way on the physical
properties of the satellite, as well as on its attitude. Even for
very simple satellites as the LAGEOS (spherical in shape, very
dense, and passive) these effects are relevant and, especially,
very difficult to model. A wide literature is available on the
subject; see, for example, [20, 53–55].
The biggest contribution is given by the push of radiation
on the satellite surface (radiation pressure), in particular
direct visible radiation from the Sun; also reflected visible
radiation from Earth (albedo) and infrared radiation emitted
from Earth surface are important. They depend on the way
this radiation is reflected, diffused, and absorbed by the
satellite surface and therefore on the optical properties of this
surface.
The most important nongravitational effect is the direct
solar radiation pressure. The resultant acceleration, for a body
of spherical shape, can be modelled as
a⊙ = −𝐶R
𝐴
𝑚
Φ⊙
𝑐
(
⟨𝐷⊙⟩
𝐷⊙
)
2
ŝ, (14)
where 𝐴 is the cross-sectional area of the satellite, 𝑚 is its
mass, Φ⊙ is the solar radiation flux at 1 AU, 𝑐 is the speed
of light, and 𝐶R (called radiation coefficient) summarizes the
optical properties of the satellite surface. The last squared
term is due to the modulation coming from the eccentricity
of the Earth orbit around the Sun (𝐷⊙ is the Earth-Sun
distance and ⟨𝐷⊙⟩ its average value) and ŝ is the Sun unit
vector direction. Equation (14) corresponds to the so-called
cannonballmodel for the direct solar radiation pressure from
the Sun.This model is rather good for the LAGEOS satellites,
provided an estimate is done of the 𝐶R parameter. Evidences
have been provided that LAGEOS II optical properties could
have been changed since the launch time [56].
More subtle perturbing effects are due to the so-called
thermal forces; these are caused by an inhomogeneous
temperature distribution of the body (due to its finite thermal
inertia), resulting in a thrust force due to emitted radiation. In
particular, thermal forces depend on the satellite spin vector,
giving different contributions on the orbit as a function of
the spin orientation and rate; see, for example, [54]. We
have a seasonal-like Yarkovsky-Schach effect in the case of a
rapidly spinning satellite, and a diurnal-like Yarkovsky-Schach
effect when the fast rotation approximation is no more valid.
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Figure 1: LAGEOS II postfit weighted RMS (a) and residuals in range (b) computed for each of the arcs in which it has been divided the
analysed time period.
The Yarkovsky-Rubincam effect [57–59], or Earth-Yarkovsky
effect, is related to the infrared radiation emitted by the Earth’s
surface.
In order to model—as accurately as possible—the per-
turbing thermal thrust effects, and especially the Yarkovsky-
Schach effect, a detailed description of the evolution of the
spin-axis is crucial. Several authors have focused on this
problem and tried to explain the evolution of the LAGEOS
satellites spin-axis, in either an analytical [60–62] or a more
empirical approach [63].
3.3. Empirical Accelerations. A modellization piece that is
often used in precise orbit determination is given by the so-
called empirical accelerations. These are general acceleration
terms added to the equations of motion and are aimed at
modelling small otherwise unknown effects which may be
relevant to the dynamics.They are usually decomposed in the
three Gauss directions 𝑟, ?̂?, 𝑤 (radial, transverse, and out-of-
plane), in the form (for each component)
𝐴 (𝑡) = 𝐴0 + 𝐴1 sin𝑀+𝐴2 cos𝑀, (15)
where𝑀 represents the satellite mean anomaly, aiming thus
at modelling constant or once-per-revolution accelerations.
This orbit modelling tool is useful when long wavelengths
orbit errors, including secular disturbing effects, need to be
removed, as well as for long-period resonances and also
nongravitational perturbations that are not included in the
software dynamicalmodel. Experience shows that, while they
are useful to improve the fit quality, they can easily bias the
estimation of other quantities.
We highlight once more that, in order to avoid the
orbit corruption, in particular of the satellite argument of
pericenter, they have not been used during the data reduction.
4. Data Reduction
In the analyses described here more than ten years of
LAGEOS and LAGEOS II laser tracking data, provided by
ILRS, have been reduced using the GEODYN II software.The
selected period has been divided into 15-day arcs, with a 1-
day overlap. For each of them, the data reduction provides
an estimate of the initial conditions (state vector) and of
selected parameters. The models employed (see Table 3)
enabled a very good fit of the data, as can be seen in the
statistics. In particular, in Figure 1 the postfit weighted RMS
and a histogram of the residuals in range are shown. These
plots are related to runs dedicated to analyze the LAGEOS
II perigee behavior (see [31]). The average RMS is somewhat
higher than the “ideal” level that could be expected based
on data quality: this is due to the fact that in this analysis
no relativistic effects were inserted in the modellization set,
thereby lowering the overall accuracy. In this way, however,
the residuals contain useful information, which is indeed
related to relativity itself. This can be seen in the histogram
of the residuals in range: their distribution appears close to
but is not exactly Gaussian, indicating that some information
is still present in the residuals themselves (more information
on this can be found in [33]).The same reasoning applies also
to the analysis reported in [29]; in that case, however, only the
gravitomagnetic contribution was taken out.
5. Zonal Harmonics Related
Uncertainties and Combination Formula for
Lense-Thirring Measurements
Detailed error budget calculations show the importance of
the zonal harmonics uncertainties in the overall effective-
ness of the analysis procedure in extracting the relativistic
signals. This is especially true in the case of Lense-Thirring
measurements employing the nodal residuals. In particular,
the quadrupole coefficient𝐶20 has been found to be themajor
source of uncertainty. Its secular effect on the nodal longitude
is given by
Ω̇class =
3√5
2
𝑛(
𝑅
𝑎
)
2 cos 𝐼
(1 − 𝑒2)
2
𝐶20. (16)
See, for example, [64, 65] (we use here the normalized
coefficients 𝐶𝑙0 instead of the nonnormalized 𝐶𝑙0 or the 𝐽𝑙;
we remember that 𝐽2 = −𝐶20 = −√5𝐶20). Therefore the orbit
of the satellite is subject to a classical precession whose value
is much higher than the relativistic (gravitomagnetic) one to
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Table 4: Values (in mas yr−1) of the nodal precession for LAGEOS and LAGEOS II orbits due to relativistic and classical gravitational effects.
Effect LAGEOS LAGEOS II
Lense-Thirring 30.88 31.48
𝐶
20
(EGM96) 2.702 × 1010 −4.982 × 1010
𝛿𝐶
20
(EGM96) −3.240 × 103 5.975 × 103
𝛿𝐶
20
(EIGEN-GRACE02S) −2.960 × 103 5.458 × 103
be measured; see Table 4 (for the purpose of this work we
consider only the quadrupolar part of this classical preces-
sion). Of course, what really matters is the unknown part of
this precession due to the uncertainty in the accepted value of
𝐶20; its value based on two geopotential models is shown in
Table 4.This precession actually hides the relativistic one and
must be handled in someway. To this aim, in [66] a procedure
based on the combination of orbital residuals frommore than
one satellite to get rid of this masking precession has been
developed; see also [67].
The simplest case is that of two satellites, along with their
two nodal longitudes. Let us consider a single arc of orbit
determination; the procedure allows obtaining a residual for
each orbital element, in particular for the nodal longitude:
𝛿Ω̇ (in [22] it is shown that the residuals obtained with
their method are in fact rates). If the modellization setup is
accurate enough, this residual, that is, the difference between
the calculated and the observed value, is mainly function
of two quantities, the classical quadrupole precession and
the relativistic (Lense-Thirring) one, so that the following
equation can be reasonably considered to hold:
𝛿Ω̇ = 𝛿Ω̇class + 𝛿Ω̇rel. (17)
In writing this equation we neglect higher-degree multipoles
and other sources of perturbation for the node. Regarding the
two terms on the right-hand side of the previous equation,
these can be expressed as follows. Following (16), the classical
precession can be written as Ω̇class = 𝑁20𝐶20, with 𝑁20
function of Earth equatorial radius and satellite orbit. Upon
the assumption that the biggest uncertainty comes from 𝐶20,
one can write
𝛿Ω̇class =
𝜕Ω̇class
𝜕𝐶20
𝛿𝐶20 = 𝑁20𝛿𝐶20. (18)
In the same way, the relativistic precession can be written as
Ω̇rel = Ω̇LT𝜇; here Ω̇LT comes from (6), while 𝜇 is an empirical
parameter measuring the actual value of the relativistic effect
((𝜇 = 0) in Newtonian physics, (𝜇 = 1) in general relativity).
In fact, in the post-Newtonian framework 𝜇 = (1+𝛾)/2, with
𝛾 the PPN parameter quantifying how much space curvature
is produced by unit rest mass; see [68]. In writing Ω̇rel this
way, we in fact parameterize the general relativistic prediction
with𝜇 and assume that the error is contained in this empirical
parameter (in fact, this equals to admit no a priori knowledge
on the amplitude of Lense-Thirring effect), so
𝛿Ω̇rel =
𝜕Ω̇rel
𝜕𝜇
𝛿𝜇 = Ω̇LT𝛿𝜇. (19)
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Figure 2: Relativistic effect from the combined nodal longitude
residuals of LAGEOS and LAGEOS II (squares). The average value
is 1.056, to be compared with the general relativistic prediction
value, 1 (continuous line). MJD stands for “Modified Julian Day”;
the considered time period for the analysis starts on 1993.
The total uncertainty from (17) can therefore be written as
𝛿Ω̇ = 𝑁20𝛿𝐶20 + Ω̇LT𝛿𝜇. (20)
We see that each residual can be expressed as a function of
two uncertainties, 𝛿𝐶20 and 𝛿𝜇. As such, (20) is not much
useful. But adding a further observable (i.e., taking the nodal
residuals of two satellites, as LAGEOS and LAGEOS II) one
can construct a system of two equations:
𝛿Ω̇
I
= 𝑁
I
20
𝛿𝐶20 + Ω̇
I
LT𝛿𝜇,
𝛿Ω̇
II
= 𝑁
II
20
𝛿𝐶20 + Ω̇
II
LT𝛿𝜇
(21)
which can be solved to obtain 𝛿𝜇:
𝛿𝜇 =
𝑁
I
20
𝛿Ω̇
II
− 𝑁
II
20
𝛿Ω̇
I
𝑁I
20
Ω̇IILT − 𝑁
II
20
Ω̇ILT
. (22)
This 𝛿𝜇, together with 𝛿𝐶20, is just the right one to account
for the total residuals 𝛿Ω̇I and 𝛿Ω̇II.
It is worth emphasizing two things. First, the solution
given by (22) clearly does not contain 𝛿𝐶20 and so the
expression overcomes the problem of the uncertainty in 𝐶20,
both static and time-dependent. Second, 𝛿𝜇 as expressed by
(22) is related to a single arc of orbit determination, so what
one obtains is a time series covering the period of analysis.
The outcome can be seen in Figure 2, in which the relativistic
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Figure 3: Nodal longitude residuals, LAGEOS (a) and LAGEOS II (b). The average values are 141.3 as yr−1 and −167.3 as yr−1 for LAGEOS
and LAGEOS II, respectively.
parameter 𝛿𝜇 from LAGEOS and LAGEOS II combined
nodal residuals is plotted as a function of time. Notice the
cancellation of the nonseasonal, “anomalous” change in Earth
quadrupole (apparent in the nodal longitude residuals; see
Figure 3), as reported in [29, 69].
6. A Review of Recent Measurements
The idea of using laser-ranged satellites in order to test
selected predictions of general relativity theory dates back to
the 1970s and 1980s. The test of Schwarzschild precession has
been discussed in [70]. The measurement of Lense-Thirring
effect has been suggested by [71] and proposed by [72]. We
review here some recent results which come out from precise
orbit determinations of LAGEOS and LAGEOS II satellites.
These analyses produced residuals time series of the satellites
Keplerian elements in the way discussed in Section 2.2. The
expected relativistic signals, both in longitude of ascending
node and in argument of perigee, were of a secular type, so
they should appear as a secular trend upon time integration
of the relevant time series.
In [28, 29, 32] such an analysis has been performed on
LAGEOS and LAGEOS II tracking data, and an accuracy
of about 10% was achieved in the test of the Lense-Thirring
effect as predicted by General Relativity. We concentrate here
on [29]. Given the limitations due to Earth gravitational
quadrupole uncertainty, the node residuals of both satellites
have been combined as discussed in Section 5. The corre-
sponding combined time series have been fittedwith a secular
trend plus a number of periodic terms (in order to account for
mismodelling in some perturbations). They report a value of
𝜇 = 0.984 ± 5%−10% (23)
using the EIGEN-GRACE02S as geopotential model (the
reported value has been obtained fitting the combined residu-
als with a secular trend plus ten periodic terms). See Figure 4
for the related fit.
In [30] a dedicated analysis has been performed, focused
on the LAGEOS II perigee behavior. In that case, the residuals
being analyzed were directly those of the Keplerian element:
the combination was not necessary, since the overall mag-
nitude of the relativistic effects (Schwarzschild plus Lense-
Thirring) is much bigger. A fit valueΔ?̇?meas = 3306.58mas/yr
for the slope has been reported (see Figure 5). This value
can be taken as an estimate of the total relativistic perigee
precession, given by
Δ?̇?rel ≃ 𝜀SchwΔ?̇?Schw + 𝜀LTΔ?̇?LT. (24)
The slope estimate has small variations depending on the
number of periodic effects which are fitted together with
the linear trend. The following conservative result for the
magnitude of the total relativistic effect has been reported, at
the post-Newtonian level:
𝜀𝜔 = 1 + (0.28 ± 2.14) × 10
−3
, (25)
where 𝜀𝜔 = 1 in general relativity. Since the dominant
contribution in (24) comes from
𝜀Schw =
2 + 2𝛾 − 𝛽
3
, (26)
the estimate given by (25) is mainly a measurement of such
a combination of 𝛾 and 𝛽 PPN parameters. A preliminary
error budget for the measurement, taking into account the
various systematics, estimated the error to be at 2% level [17].
A complete error budget has been reported in [33]:
𝜖𝜔 − 1 = [−0.12 ⋅ 10
−3
± 2.10 ⋅ 10
−3
] ± [1.74 ⋅ 10
−2
] , (27)
where in the first square bracket it is shown the result and
the statistical error from the best fit and in the second square
bracket the error budget due to the gravitational and non-
gravitational systematic sources of error is represented.
The measured value for the argument of perigee preces-
sion can also be used to constrain a non-Newtonian contri-
bution to the satellite dynamics, as discussed in Section 2.1.
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Figure 4: Figure 14 of [29]. A combination of LAGEOS and
LAGEOS II node residuals togetherwith their fit with a secular trend
plus ten periodic terms is shown.
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Figure 5: Figure 1 of [30]. The perigee residuals are shown together
with their fit with a secular trend plus four periodic terms.
Indeed, the absence of such a signal in the residuals time
series allows placing a strong constraint to the strength 𝛼 at
𝜆 ≃ 𝑎. In [30] it has been reported the following upper bound:
|𝛼| ≃ |1.0 ± 8.9| × 10
−12
, (28)
this result has been improved in [33]:
|𝛼| ≃ |(0.5 ± 8.0) ± 69| ⋅ 10
−12
. (29)
These results represent a huge improvement with respect
to previous constraints at this scale and are comparable with
the Lunar Laser Ranging results.
7. Conclusions
There is a great deal of interest in testing the experimental
consequences of general relativity, given the many challenges
to the theory. Alternative theories, devised to solve at least
in part some of these issues, have testable consequences in
the weak-field and slow-motion conditions at work in the
Solar System, and in particular around Earth. Thanks to
advances in experimental techniques, these consequences
can be nowadays explored. In particular, laser ranging to
geodetic satellites in orbit around Earth offers the possibility
of studying with high precision the motion of objects which
can be considered very good approximations to a test mass.
Their geodetic motion shows some peculiarities with respect
to the Newtonian one; in particular, some of the Keplerian
elements undergo a precession, also due to gravitomagnetism
(the rotating Earth being the source).
Analyses of LAGEOS satellites tracking data, aimed at a
precise reconstruction of their orbits, have been discussed.
Digging in their dynamics down to the level of the small
relativistic effects is made possible not only by the precise
laser range data, but also by the accurate modellization
of their motion (gravitational and nongravitational parts,
reference frames, and measurement models). Some results
have been discussed, which provide confirmation of gen-
eral relativistic predictions (Schwarzschild precession, Lense-
Thirring effect) and rule out to a high degree alternative
theories (NLRIs/Yukawa potential). Such investigations have
still a great potential of improvement and are being carried on
in order to further constrain the space of possible theories.
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